H∞ Output Feedback Control for Vehicle Seat Suspension subject to Parameter Perturbations  by Zhang, Zhiyong et al.
 Procedia Engineering  16 ( 2011 )  444 – 452 
Available online at www.sciencedirect.com
1877-7058 © 2011 Published by Elsevier Ltd.
doi: 10.1016/j.proeng.2011.08.1109 
International Workshop on Automobile, Power and Energy Engineering
H∞ Output Feedback Control for Vehicle Seat Suspension
subject to Parameter Perturbations
Zhiyong Zhanga*, Xin Liua, Caixia Huangb
a College of Automobile and Mechanical Engineering, Changsha University of Science and Technology, Changsha,  410114, China
bCollege of Mechanical vehicle Engineering, Hunan University, Changsha, 410082, China
Abstract
Considering the parameter perturbations of seat suspensions, an H∞ output feedback controller is established based
on the theory of uncertainty, linear matrix inequality and H∞ optimal control. The result of numeric simulations
testifies that the controller effectively isolates the drivers from external exciting and improves the ride comfort when
plant subjects to parameter perturbations, even if only the seat frame acceleration acts as measuring output.
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1. Introduction
Numerous commercial vehicles are utilized in industry, agriculture, forestry and other transportation
tools, in which there are significant vertical vibrations in low frequency which human-body is very
sensitive[1]. If the unwanted vibrations transmit to drivers, the fatigue, discomfort and safety of drivers are
influenced. Especially, the vertical vibrations in the range 3-5Hz are not isolated effectively by seat
cushion[2], so seat suspensions are usually equipped to isolate the external exiting in commercial vehicles.
Over the last decades, considerable efforts have been made in semi-active or active seat suspension
systems in order to improve ride quality[3-5]. However, to the best of our knowledge, little work on
vibrations control of seats was considered the parameter perturbations and signal accessibility, which are
important for practical engineering. The main contribution of this paper is to propose a vibrations
reduction control method based on the theory of uncertainty and H∞ optimal control for active seat
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suspensions, with which we could guarantee the reliability of control systems subject to parameter
uncertainties.
2. Vehicle Seat Model
A two-degree-of-freedom(2DOF) seat suspension considered in this paper is shown as Fig.1. The
definitions of parameters are defined as Table 1. When the sc is replaced with f , the seat suspension
system is treated as active suspension, otherwise, it is passive suspension.
The motion dynamic equations of the seat suspension can be described by the following differential
equations from their static equilibrium positions. Notice that the Eq.(1) and Eq.(2) constitutes the dynamic
equations of passive suspension, while Eq.(1) and Eq.(3) for that of active suspension:
- ( - ) - ( - ) 0d d c s d c s dm x k x x c x x =   (1)
- ( - )- ( - ) ( - ) ( - ) 0s s s b s s b s c s d c s dm x k x x c x x k x x c x x+ + =      (2)
- ( - ) ( - ) ( - ) 0s s s b s c s d c s dm x k x x k x x c x x f+ + + =   (3)
The differential equations of active suspension, Eq.(1) and Eq.(3), can be rewritten as state form as follow:
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Fig. 1. Seat suspension model
446   Zhiyong Zhang et al. /  Procedia Engineering  16 ( 2011 )  444 – 452 
3. Control System Design
3.1. The description of the control system
In this paper, we choose acceleration of driver as regulated output due to the ultimate aim of seat
suspensions, and choose acceleration of seat frame as measured output on account of controller cost and
signal accessibility. The advantage of output feedback is that it can reduce the number of sensors and
avoid to use the state variables which cannot be sampled directly. So the regulated output equation and
measured output equation are defined as follow respectively:
1 1
2 2 2
z ( )=C x( )
z ( )=C x( )+D f( )
t t
t t t
⎧⎨⎩
(5)
where 1C 0 -c c c
d d d
k c c
m m m
⎡ ⎤
= ⎢ ⎥⎣ ⎦
, 2C - -c s c c
s s s s
k k c c
m m m m
⎡ ⎤
= ⎢ ⎥⎣ ⎦
, 2
1D -
sm
⎡ ⎤
= ⎢ ⎥⎣ ⎦
.
In practice application, the mass of drivers are indeterminate for different drivers, in other word, the dm
is not constant. Rather, the stiffness and damping of suspensions are nonlinear in general[6], but these
parameters are treat as linear parameters for the sake of simplifying controller design[2-5]. In order to
enhance the reliability of controller, the effects of the modelling errors of 2-DOF linear suspension model
must be considered carefully. In this paper, the uncertainties of parameter are treated as perturbing matrices
and introduced into controller design process. The perturbing matrices are defined as following:
1 1 1
1 2 2 2
2 3 3 3
Δ
A( ) H F ( )E
Δ
B ( ) H F ( )E
Δ
t t
t t
t t
⎧⎪⎨⎪⎩
 (6)
where ( )F 1, 2, 3i t i = are the functions of parameter perturbations and satisfy ( ) ( )TF F Ii it t ≤ , in which
I  is the identity matrix with appropriate dimension.
After the uncertainties of parameter are considered, the differential equations of active suspension
together with the regulated equation and measured equation are expressed by following equation:
1 1 2 2
1 1
2 2 2
x( )=(A+
ΔA( ))x( )+(B +ΔB ( ))w( )+(B +ΔB ( ))f( )
z ( )=C x( )
z ( )=C x( )+D f( )
t t t t t t t
t t
t t t
⎧⎪⎨⎪⎩

 (7)
3.2. Design of the observer
In many engineering application, the states of system are not usually measurable or have difficulty by
physical sensor directly to measure. The observer-based controllers are often applied to stabilize the
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unstable systems and improve the system performances[7]. The function of observer-based controllers are
used to estimate the states of plant and generate control input, such as control force, with measured output
in Eq.(5). In this paper we defined following modified observer-based control strategy:
c 2 2 2
2 2 2
xˆ( )=A x( )+B f( )+L(z ( )-z ( ))
zˆ ( )=C x( )+D f( )
ˆf( )=Kx( )
t t t t t
t t t
t t
⎧⎪⎨⎪⎩

(8)
where cA , L and K  are three matrices to be determined, and K  is the controller gain, L is the observer
gain, xˆ  is the estimation of x , 2zˆ  is the observer output, f  is control input.
3.3. The optimal H∞ controller
Here we will propose a sufficient condition for observer-based optimal robust H∞ controller for active
seat suspensions. The optimal H∞ controller is a control law that can minimize the H∞ norm of the transfer
function from disturbance input w( )t  to regulated output 1z ( )t , namely ( )1wz ( )min T s ∞= , where   is
disturbance attenuation. The H∞ norm of transfer function 1wz ( )T s  can be calculated as:
1
2
wz 1 1 1 1 12 2T ( ) z / w z ( ) z ( ) / w( ) w( ) z ( ) z ( ) w( ) w( )T T T Ts t t t t t t t t ∞= = = ⇒ = (9)
Theorem 1. Consider the system (7) and the observer-based controller (8), suppose the following
optimization problem
1 11 22 c
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(11)
has a solution 0 > , 1 0 > , 2 0 > , 3 0 > ,
4 4
1X 0
×∈ℜ > , 4 42X 0×∈ℜ > , 4 4cAˆ ×∈ℜ , 4 1Lˆ ×∈ℜ  and
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[ ] T2C =U S 0 V , by the Lemma 2 in [8], 11 T2
22
X 0
X =V V
0 X
⎡ ⎤⎢ ⎥⎣ ⎦
. Then the system (7) is robust stabilizable
by the H∞ observer controller (8) with disturbance attenuation  = . The matrices -1c c 1ˆA =A X , and the
control and observer gains are given by -11ˆK=KX  and
-1 -1 T
11
ˆL=LUSX S U , respectively.
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Proof. After treated with the Schur complement, the LMI condition (11) is pre- and post-multiply by
following matrix:
-1
1 1
-1
2 2
P 0 0 X 0 0
0 P 0 0 X 0 0
0 0 I 0 0 I
⎡ ⎤⎡ ⎤ ⎢ ⎥⎢ ⎥
= >⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦
(12)
then we have
0Π < (13)
where 1P  and 2P are positive definite symmetric matrices, 1X and 2X  are their inverse matrices
respectively. Π  is the result of Schur of Eq.(11) pre- and post-multiply Eq.(12).
On the other hand, we define ˆe( ) x( ) x( )t t t= −  as the estimated error, and rewrite the system (7) and (8)
as:
c 2 2
2 c 2 1 1
ˆA +B K LC 0x( )xˆ( )
+ w( )
A+
ΔA( )+ΔB ( )K A A+ΔA( ) LC
B +
ΔB ( )
e( )e( )
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t
t t t ttt
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= ×⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦⎣ ⎦


(14)
Define the Lyapunov equation as:
T
1
2
ˆ P 0x( ) x( )
ˆ(x( ),e( ))
0 Pe( ) e( )
t t
V t t
t t
⎡ ⎤⎡ ⎤ ⎡ ⎤
= ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦
(15)
Then define a cost function as:
2
1 1
ˆ ˆ(x( ),e( ), w( )) (x( ),e( )) z ( ) z ( ) w ( )w( )T TJ t t t V t t t t t t= + − (16)
where ˆ(x( ),e( ))V t t is the time derivative of ˆ(x( ),e( ))V t t  alone the trajectories of (14) .
The matrices with parameter uncertainties in ˆ(x( ),e( ))V t t  can be dealt with by the Assumption 2 in [8],
and are substituted into Eq.(16), then the Eq.(16) is rewrote as:
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T
xˆ( ) x( )
ˆ ˆ(x( ),e( ), w( )) e( ) e( )
w( ) w( )
t t
J t t t t t
t t
⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥≤ Π⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
(17)
We can get ˆ ˆ(x( ),e( ), w( )) (x( ),e( ))J t t t V t t=   using the Eq.(9), and guarantee ˆ(x( ),e( )) 0V t t <  via
0Π < . By Lyapunov stabilization theory, the system (7) is robust stabilizable with observer-based
controller (8), and ( )1wz ( )min T s ∞=  can ensure control system with optimal H∞ performance.
4. Simulation results and Analyses
In this section, a number of computer simulations are conducted to verity the effectiveness of the
controller in 2-DOF active seat suspension model. The parameter values of seat suspension model are
listed in Table 1. The excitation of vehicle cabin comply with the standard of ISO[9] in all simulations
and its velocity is shown as Fig.2.
Table 1. Seat suspension parameters in simulation
Symbol Definition Value
dm the driver mass 65 kg
sm the mass of seat frame 24 kg
ck the stiffness of the cushion 16000 Nm-1
sk the stiffness of the suspension 20000 Nm
-1
cc the damping of the cushion 1650 Nsm-1
sc the damping of the suspension 600 Nsm
-1
dx the displacement of driver
sx the displacement of seat frame
bx the displacement of cabin floor
f active control force
To show the effectiveness of the proposed method, the comparison of vibration performances among
active seat suspensions and passive seat suspensions is conducted in terms of the vertical acceleration in
frequency domain and time domain. Fig.3 shows the power density spectrums (PSD) of the vertical
acceleration as a result of the vehicle cabin excitation.  In the range 5-10Hz, in which the human-body is
more sensitive, the whole power spectrum in the active control is reduced dramatically in contrast with
the passive cases. Driver’s vertical acceleration of active and passive seat suspension in time domain are
compared in Fig.4, we also can draw conclusion easily that the performance of active seat suspension by
observer-based H∞ control has been improved distinctly in comparison with passive seat suspension.
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Fig. 2. Velocity of cabin excitation
The performance of active seat suspension subject to parameter perturbations is analyzed in case of
the deviation magnitude of driver mass is defined as 20% . Accordingly, the two-vertex cases of driver
mass are defined as its upper bound and lower bound, namely maximum value and minimum value,
respectively. The Fig.5 shows the difference of driver’s vertical accelerations when driver mass is defined
as the nominal, maximum and minimum. There was little doubt, that, with the H∞ controller proposed in
this paper, the performance is guaranteed when the plant model exist parameter uncertainties.
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Fig. 3. PSDs of driver accelerations in active and passive cases
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Fig. 4. Accelerations of driver in active and passive cases
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Fig. 5. Accelerations of driver subject to parameter perturbations
5. Conclusion
This paper addresses an optimal robust H∞ controller design approach for active seat suspensions
subject to parameter perturbations, in which the H∞ controller design, parameter uncertainties deposer and
states estimation are integrated. Since the uncertainties of parameter are considered in proceeding of
controller design, the controller possesses robustness for perturbation of parameter and guarantee optimal
H∞ performance for control output. The simulation result shows that driver acceleration of the active seat
suspension is rather better in comparison with passive system, so the feasibility and reliability of the
proposed approach are verified adequately.
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